Scalable quantum computing relies crucially on high-fidelity entangling operations. Here we demonstrate that four coupled qubits can operate as a high-fidelity two-qubit entangling gate that swaps two target qubits and adds a relative sign on the |11 state (ZSWAP). The gate operation is controlled by the state of two ancilla (control) qubits. The system is readily implementable with superconducting qubits, using capacitively coupled qubits arranged in a diamond-shaped architecture. By using realistic device and noise parameters from state-of-the-art superconducting qubits, we show that the conditional ZSWAP operation can be implemented with a fidelity above 0.99 in a time tg ∼ 65 ns.
The ultimate goal of the quantum computing program is the realization of a scalable, efficient and programmable quantum information processor. Such a processor requires access to a universal gate set from which any digital quantum algorithm can be constructed. Universal gate sets can be formed from single-qubit gates, supplemented by a two-qubit entangling gate [1] . Furthermore, it is desireable to perform quantum computations in a fault-tolerant fashion, which, using the promising error correcting surface codes, puts a lower bound of around 0.99 on the gate fidelities [2] [3] [4] [5] . High-fidelity entangling two-qubit gates are thus key elements in any multi-purpose quantum information processor.
In superconducting circuits, single-qubit gate operations are routinely performed above this fault-tolerant threshold [6] [7] [8] [9] [10] [11] [12] , but pushing two-qubit gate fidelities above 0.99 still proves a daunting task. Despite the engineerical difficulties, several two-qubit gates have been reported to do so. In 2014, the Martinis group achieved fidelities up to 0.994 in a controlled-phase (CZ) gate [12] [13] [14] , and IBM pushed the cross-resonance (CR) gate fidelity to 0.991 in 2016 [15] . Other two-qubit gates, like the iSWAP and √ iSWAP gates [8, [16] [17] [18] [19] , bSWAP gate [20] , the resonator induced phase (RIP) gate [21] , and a parametric CZ gate [8, 19] , have demonstrated with fidelities in the 0.9's. These quantum gates are typically performed with transmons [22, 23] , or geometries derived from the transmon, like the xmon [24] or gmon [14] , coupled directly to each other, or via a resonator or gmon.
In this Letter we propose arranging four transmon (or transmon-like qubits) in a diamond-shaped architecture, such that an entangling gate is implemented utilizing quantum interference patterns arising in this qubit network. The qubits are coupled only through simple capacitive couplings. We demonstrate that this setup can realize a high-fidelity two-qubit entangling gate by using an effective tunable coupling mediated by two ancilla (control) qubits. We call the gate 'tZSWAP', due to its tunable nature and the phase acquired in the SWAP. Using realistic state-of-the-art parameters, we show that the tZSWAP can be implemented with a fidelity exceeding 0.99 with a gate time of 40-160 ns, depending on the capacitive couplings and qubit frequency detuning, comparable in both fidelity and gate time with the aforementioned highperformance gates [12] [13] [14] 17] . The entangling gate is conditional on the state of two ancilla (control) qubits, thus only microwave control is required to initialize and run the gate.
The tZSWAP gate is illustrated in Figure 1a . The gate operation on two target qubits T1 and T2 is controlled by the state of two control qubits C1 and C2. The control qubits constitute a switch with an 'on' state |1 C ≡ |11 C and an 'off' state |0 C ≡ |Ψ − C , with the Bell states denoted |Ψ
The subscript C denotes a two-qubit state of C1 and C2 (similarly, we use subscript T for the target qubits). In the computational basis of the target qubits, {|00 T , |01 T , |10 T , |11 T }, the gate is expressed as:
Here, ZSWAP refers to the operation which swaps the target qubits and adds a sign to the |11 T state, i.e. ZSWAP = CZ · SWAP. Above, we explicitly express that the operation on the target qubits depends on the state arXiv:1809.09049v2 [quant-ph] 16 Oct 2018 of the control qubits. Since the control consists of two qubits, we refrain from calling the gate "controlled swap and phase" since such a naming usually refers to the case where the control is itself a single qubit that may participate in a larger quantum algorithm. Rather we say that the gate is on/off tunable, hence the name tZSWAP.
We claim that the tZSWAP can be realized with four capacitively coupled superconducting qubits. The system Hamiltonian is the sum of the non-interacting terms
where Ω + ∆ (Ω) is the fixed frequency of the target (control) qubits, and the interaction terms
Here σ i z = |0 i 0| − |1 i 1| and σ i x = |1 i 0| + |1 i 0| are Pauli operators of qubit i, and the qubit frequencies are assumed positive such that |0 i is the (non-interacting) qubit ground state. For simplicity we have assumed that the two target (control) qubits are on resonance, and that all the couplings between the target and control qubits have the same strength J.
The interactions of H int arise naturally from capacitively coupled transmons [17] , and a superconducting circuit that implements the model is illustrated in Figure 1b-c. We now consider the interaction Hamiltonian in the frame rotating with H 0 and simplify the expression by assuming |2Ω| |J| (rotating wave approximation) which allows us to ignore the fastest oscillating terms. The system Hamiltonian is then
While no tunability of the qubits is required during the operation of the tZSWAP, we assume for the state preparation that the control qubits are far detuned from the target qubits, i.e. |∆| |J|, which can be achieved in situ via flux control lines, or in fabrication for single junction devices. Thus, ignoring the oscillating terms of Eq. 5, we have effectively decoupled the control and target qubits, and we can initialize the control qubits and each target qubit independently. We note that, in the rotating frame, the state |0 C is an eigenstate separated in energy by at least J C ∼ 30 · 2πMHz from the other eigenstates, in which case we can initialize the control in |0 C by driving energy transitions [20] . To initialize the control in |1 C , we can induce Rabi oscillations between the degenerate |1 C and |00 C states by driving the control qubits similar to the procedure analyzed in Ref. [25] . In this Letter, we focus on the tZSWAP operation on the target qubits shown in the dashed box of Figure 1 , therefore we assume for simplicity that the control state is initialized (with unit fidelity unless stated otherwise) before applying the tZSWAP.
We will now show that the Hamiltonian of Eq. (5) this periodically driven system, we turn to Floquet theory. Typically in superconducting qubits |∆| |J|, |J C |, and the system is driven rapidly compared to the time-scale set by the qubit interaction strengths. Consequently, on the ZSWAP operation time-scale, it is appropriate to consider the Magnus expansion for the Floquet Hamiltonian to first order in J/∆, which can be computed as [26] :
Within the Floquet formalism exp(−iH F T ) takes the system from time zero through one driving cycle of period T = 2π/|∆|. Successive application n times yields the time-evolution operator, U (t) = exp(−iH F t), where, since the gate time is much larger than one period, we consider t = nT a continuous variable. We start by considering the control in |0 C . Independently of the state of the target qubits, |ψ T , we find the product state |0 C |ψ T to be an eigenstate of H F with energy −J C , due to interference canceling each of the four last terms in Eq. (6). Hence for any time t, we have
which is equivalent to the anticipated gate functionality of Eq. (2). The situation where the control qubits are prepared in |1 C is more involved. Here the Floquet Hamiltonian induces transitions between states with the same number of excitations, thereby enabling state transfer via the control qubits. Initializing the target qubits in one of the states in {|00 T , |Ψ − T , |Ψ + T , |11 T } we find the effect of H F :
As H F couples |1 C |Ψ + T and |Ψ + C |11 T , cf. Eq. (9), we consider the linear combinations
which are eigenstates with energies E ± = (J C ± κ)/2, where
The mixing angle ϑ is given by
Expanding |1 C |01 T and |1 C |10 T in eigenstates (with three excitations), the dynamics are
Since the time-evolution of |1 C |01 T and |1 C |10 T only differ by a sign on |1 C |Ψ − T , the states have swapped after a time t = t g if the dynamical phases account for the relative sign. Under the assumption that ∆ is much larger than J and J C (and all positive for simplicity), we can find the gate time, t g , by approximating
and thus ϑ ≈ 0. For the parameters used in the simulations presented later, ϑ = 0.04, leading to components of unwanted states in the final state of this order of magnitude, causing a small infidelity in the ZSWAP operation of order ϑ 2 ∼ 0.002. Ignoring this small effect,
leading to the desired state swap after a time,
To conclude the discussion of the ZSWAP, we must consider the dynamic evolution of |1 C |11 T and |1 C |00 T . The former is a zero-energy eigenstate, cf. Eq. (8), unchanged by time, but the latter is not an eigenstate and mixes with other states. However, comparing Eqs. (9) and (10), we see that mixing with unwanted states is essentially the same problem discussed above. Up to similar small effects, |1 C |00 T picks up a phase factor of e i4J 2 tg/∆ = −1 during the gate operation. Hence the dynamics are approximately give by
which is equivalent to the gate operation in Eq. (1). Although the analytic results suggest a functioning tZSWAP gate, we use numerical simulations with realistic device parameters to quantify the performance of tZSWAP using state-of-the-art superconducting qubits parameters. We take decoherence noise occurring in a superconducting circuit implementation into account by considering the Lindblad master equation,
Here ρ is the density matrix, H is the Hamiltonian of Eq. (5), and the sum is taken over the following eight collapse operators, C n : √ γ z σ i z inducing pure dephasing and √ γ − σ i − inducing qubit relaxation (photon loss), with i running over all four qubits, denoting by γ z = γ − ≡ γ the decoherence rates.
As a quality measure of the gate, we consider the average fidelity [27] ,
which quantifies how well the quantum map E t approximates the target gate U target (the tZSWAP) over a uniform distribution of input quantum states. The operator U target is either the matrix of Eq. (1) or Eq. (2), depending on the control state (|1 C or |0 C ) encoded in the initial four-qubit density matrix ρ(0). Solving Eq. (25) yields the density matrix at a later time, ρ(t). This is done numerically using the Python toolbox QuTiP [28] . Tracing out the two control qubit degrees of freedom produces a two-qubit density matrix, which we take to be the output of the quantum map, E t (ρ(0)) = Tr T (ρ(t)), which is the object we compare to the two-qubit operator U target . Using Nielsen's result given in Ref. [27] , the average fidelity is expressed as
with the U j 's chosen as all two-qubit Pauli operators on the form (σ
For a given set of model parameters, we can compute the average fidelity as a function of time for both control qubit configurations. With the control in |1 C , the average fidelity will rise from some initial value to a maximum (unity for a perfect ZSWAP) at a time we denote the gate time, t g , expected to be given by Eq. (20) . For the simulations, we find the best t g numerically. In the case of the control qubits initialized in |0 C , the average fidelity is initially unity, and deviated only from this value as a result of decoherence-induced dynamics. We note the average fidelity at t g as the relevant performance measure. Figure 2a shows an example simulation with J C /2π = 30 MHz, J/2π = 65 MHz and ∆/2π = 2200 MHz [12, 13] , chosen for the high resulting fidelities. Unless stated otherwise, we use these parameter values in the simulations. In Figure 2a the average fidelities at a fixed decoherence rate γ = 0.04 MHz as functions of time for the control being initially in |0 C or |1 C are shown, following the behavior discussed above. The gate time is found numerically to be t g = 65.9 ns, close to the predicted gate time of 65.1 ns of Eq. (20) .
Recording the average fidelities at t g across decoherence rates from 0 to 0.1 MHz, i.e. ranging from from a perfect qubit to a qubit with life-time and pure dephasing time, γ −1 , of 10 us, produces Figure 2b . We see that the performance of the tZSWAP decreases linearly with increased noise, which means that doubling the experimental qubit life-time is expected to roughly halve the average fidelity deviation from the decoherence-free result of 1.0000 and 0.9973 for the control in |0 C and |1 C , respectively. We also note that even at γ ∼ 0.04 MHz, corresponding to a qubit life-time of ∼ 25 us, the average fidelity is ∼ 0.99.
To probe the sensitivity to the model parameters, we vary each of ∆, J and J C , and show the gate time and the average fidelities at the gate time in Figure 3 . We use state-of-the art decoherence rate γ = 0.01 MHz, corresponding to a qubit life-time of 100 us [29] , and without noise as a theoretical limit of the model, γ = 0. For the full range of parameters in Figure 3 , we find gate fideli- As is evident from Figure 3a -c, the simulated gate times follow closely the prediction of Eq. (20) . Specifically, the gate time is tunable by means of ∆ and J, which allows us to examine the trade-off between speed and fidelity. The average fidelity in Figure 3d -f is constantly unity in the noiseless case with the control in |0 C , consistent with Eq. (7). When decoherence is included the average fidelity decreases steadily with the gate time. Hence, in this case, the tZSWAP is limited only by quantum decoherence.
With the control in |1 C , the average fidelity is slightly below unity in the noiseless case. We attribute this to the previously discussed weak mixing with unwanted states, which decreases with increasing ∆, so the price for higher fidelity is a slower gate. On the other hand, when decoherence is taken into account, a slower gate allows more quantum information to be lost over time, resulting in a trade-off between unwanted state mixing and decoherence. This is clearly illustrated in Figure 3e -f: Increased gate time clearly has a negative impact on the fidelities in the noisy case. However, we still stay well above 0.99 for the parameters used here.
Lastly, we study the gate stability for three types of system infidelities, see Figure 4 . Most harmful to the gate fidelity is cross-talk between the target qubits shown in Figure 4a . The gate fidelity decreases with the square of the cross-talk coupling strength J ct . Due to leakage, this primarily affects the performance when the control is in |0 C , dropping below 0.99 when J cr exceeds ∼ 0.5% of J. This is smaller than what naturally arises between next-to-nearest neighbors in superconducting qubits [12] , We mix |0 C with small components of |00 C and |11 C of equal probability, assuming this to be the dominant source of state infidelity. For the |1 C, we assume infidelity is primarily caused by mixing in a small component of |00 C. The resulting average fidelity does not depend on the phases of the mixing amplitudes.
so one needs to suppress cross-talk in the circuit design. Figure 4b shows simulation results with random noise of strength δJ (see figure caption) on each target-control qubit causing asymmetric couplings. The gate performance is very robust towards this type of noise, generally tolerating asymmetries up to 10% while keeping the fidelity above 0.99. Setting the control in |0 C requires generating a Bell state, which can be done with a state infidelity of ∼ 0.005 [12] . We shown in Figure 4c the gate fidelity for increasing control state infidelity, staying above 0.99 for realistic state infidelities. Combining all these types of noise, we find that the tZSWAP subject to γ = 0.01 MHz, J ct = 0.0025J, δJ = 0.05J and a control state infidelity of 0.005 performs with a fidelity at the 0.990 limit.
In conclusion, we have proposed a two-qubit tunable gate with a fidelity > 0.99, using realistic device-level noise for modern superconducting qubit systems relying only on capacitive couplings.
